Abstract. We prove that the problem of constructing biharmonic conformal maps on a 4-dimensional Einstein manifold reduces to a Yamabe-type equation. This allows us to construct an infinite family of examples on the Euclidean 4-sphere. In addition, we characterize all solutions on Euclidean 4-space and show that there exists at least one non-constant proper biharmonic conformal map from any closed Einstein 4-manifold of negative Ricci curvature.
Introduction
A mapping φ : (M m , g) → (N n , h) between Riemannian manifolds is called biharmonic if it is critical for the bienergy functional:
where τ (φ) := Tr ∇dφ is the tension field of φ. The corresponding Euler-Lagrange equations are the 4th order elliptic system:
where R N is the Riemannian curvature on N. By definition, a harmonic map has τ φ ≡ 0 which is therefore automatically biharmonic; so one is interested in finding biharmonic maps which are nonharmonic, so-called proper biharmonic maps. One approach is to fix a map φ : (M m , g) → (N n , h) between Riemannian manifolds and to deform the metric g on the domain or the metric h on the codomain in order to render the map biharmonic. This idea was first considered in [4] , where it was shown that if g = e 2γ g is a conformally related metric (γ : M m → R a smooth function) and φ is harmonic, then the deformed metric g renders φ biharmonic if and only if the gradient ∇γ satisfies a 2nd order partial differential equation. Thus the 4th order system is now equivalent to two second order systems: harmonicity of φ and the constraint on ∇γ. Biconformal deformations of the domain were c onsidered by Baird, Fardoun and Ouakkas in [6] .
Conformal deformations were also considered by Ouakkas [27, 28] who characterized conformal biharmonic maps in terms of partial differential equations. Equations characterizing semi-conformal bihamonic maps were obtained by Baird, Fardoun and Ouakkas [5] and by Loubeau and Ou [23] , for which a biharmonic conformal mapping is a special case.
To date, no example is known of a proper biharmonic submersion (even allowing for critical points) between compact manifolds M m → N n with m ≥ n. If we remove the compactness condition, then rotationally symmetric examples have been constructed between spaces of constant curvature in dimension 4 by Montaldo, Oniciuc and Ratto [24] . On the other hand, many examples of immersions from compact manifolds are known, see for example [8, 10, 11, 25, 26] .
Examples specific to dimension 4 show that this dimension is special for the study of biharmonic maps. For instance, the inverse of stereographic projection R 4 → S 4 is biharmonic as well as inversion in the 3-sphere R 4 \ {0} → R 4 \ {0}. Neither of these mappings is biharmonic in other dimensions n ≥ 3 and indeed, stereographic projection itself S 4 \ {pt} → R 4 is not biharmonic [5] . In this article, we study conformal biharmonic maps φ : (M n , g) → (N n , h) (n ≥ 3) between manifolds of the same dimension with particular emphasis on dimension 4. Biharmonicity of any conformal map is characterized by the requirement that its conformal factor λ satisfies a certain 3rd order PDE [5] . Remarkably, on an Einstein manifold of dimension 4, with Ricci M = ag, say, we can integrate this equation and as a consequence, we prove that biharmonic conformal maps are in correspondence with solutions to the equation
where A is constant and λ : M 4 → R is a smooth positive function. Furthermore, the constant A, the conformal factor λ and the scalar curvature R h of (N 4 , h) are governed by the condition
Note that here and henceforth, we take the Laplacian on functions to be ∆f = div grad f , with negative spectrum.
Equations of the type
(for appropriate functions k and f ) generalize the Yamabe equation:
where R g is the scalar curvature of g and R is constant. As is well-known, finding a positive solution to this equation yields a metric of constant scalar curvature R conformal to g. When the potential k in (3) is constant, provided it is less than the potential
R g that occurs in the Yamabe equation, then variational methods yield positive non-constant solutions [3] . This allows us to deduce the existence of proper biharmonic conformal maps on closed Einstein 4-manifolds of negative Ricci curvature (Corollary 4.1). However, when k is greater than the potential in the Yamabe equation, the situation becomes more delicate. This is the case for the biharmonic conformal map equation (2) on the sphere S 4 , when we have a = 3. Thanks to recent work of Vétois and Wang [30] , we are able to show the existence of infinitely many non-constant solutions, each yielding a proper biharmonic confor mal mapping on the 4-sphere (Corollary 4.3).
If a = 0, then the biharmonic conformal map equation (2) becomes the standard Yamabe equation, and we give a complete characterization of the solutions on R 4 (Section 3). In the final section, we characterize the biharmonicity of the Möbius transformations in dimension 4.
Biharmonic conformal maps
Some examples and non-examples of conformal biharmonic maps between manifolds of the same dimension are as follows:
Inverion in the sphere: φ : R n \ {0} −→ R n \ {0} defined by φ(x) = x |x| 2 is biharmonic if and only if n = 4 [4] .
The identity map into the Poincaré ball
2 ) (where dx 2 is the standard Euclidean metric) is biharmonic if and only if n = 4 [23] .
The identity map into the sphere:
is biharmonic if and only if n = 4 [23] .
On the other hand, the inverse mappings for the second two examples above are not biharmonic in any dimension.
In general, the biharmonicity of any conformal map in dimension n ≥ 3 is characterized by a PDE in its conformal factor.
Note that the fundamental equation of a semi-conformal submersion (see [7] ) affirms that for a conformal submersion (mapping between manifolds of the same dimension)
τ (φ) = −(n − 2)dφ(grad ln λ) , so that any solution to (5) corresponds to a proper biharmonic map if and only if the conformal factor λ is non-constant. Furthermore, any conformal mapping between manifolds of dimension ≥ 3 cannot have critical points ( [7] , Theorem 11.4.6), so we are interested in solutions λ that are everywhere positive.
As we now show, the above characterization can be integrated on an Einstein manifold to yield a particularly nice equation in dimension 4. We begin with an elementary lemma. 
Then if x 0 is a point where ∇f 1 (x 0 ) = 0, there is a neighbourhood U of x 0 in which the function f 1 is reparametrization of f 2 . In particular, there is a smooth function u of a real variable such that f 1 (x) = u(f 2 (x)), and furthermore
Proof. The level sets of each function f i (i = 1, 2) are the integral submanifolds of the complementary distributions (grad f i ) ⊥ , which by hypothesis coincide on a neighbourhood where the gradients are non-zero. But this means that f 1 must be a reparametrization of f 2 (and vice versa). If we set f 1 = u(f 2 ), then necessarily grad
, is biharmonic if and only if (6) ∆λ − aλ = Aλ 3 for some constant A. Furthermore, the constant A, the conformal factor λ and the scalar curvature R h of (N 4 , h), are governed by the equation
Proof. For comparison, we begin the proof in any dimension n ≥ 3. Since (M n , g) is Einstein with Ricci M = ag, we have Ricci M (grad ln λ) = a grad ln λ, and (5) becomes:
If the Laplacian ∆λ ≡ 0, then in dimension n = 4, equation (8) implies aλ grad λ ≡ 0, so that, either a = 0 or λ is constant (in which case φ is harmonic). Both of these cases are taken care of by (6) . Otherwise, from Lemma 2.2, there exists a function u(s) such that
and furthermore we have ∆λ = u ′ (λ). Substituting this last equality back into (9) gives (10) λu
Now restrict to the case when n = 4. Then a necessary and sufficient condition is that u(λ) solves the equation
whose most general solution is given by u(λ) = In order to establish the relation (7) between the constant A, the scalar curvature R g on (N 4 , h) and the conformal factor λ, we note that for any conformal local diffeomorphism between manifolds of the same dimension n ≥ 2, we have
where R g is the scalar curvature of (M n , g) (see [7] , Proposition 11.4.2). In the case when n = 4 and (M 4 , g) is Einstein, this becomes:
For this equation to be compatible with (6), we require
which is equivalent to the condition (7).
Remark 1. Note that the above theorem imposes no a priori condition on the constant A: whatever the constant, any smooth solution to (6) yields a conformal biharmonic map. For example, we can take φ to be the identity and h = λ 2 g. The condition (7) then determines the scalar curvature R h of the codomain (N 4 , h) in terms of the conformal factor λ. On the other hand, if we first impose a condition on (N 4 , h) that restricts its scalar curvature, then this also imposes a constraint on A. For example, if R h is constant and a = 0, then necessarily λ is also constant and φ is a homothety and so harmonic. We will discuss further consequences of this condition in what follows.
Remark 2. The above proof shows that for n = 4, a conformal map φ : (M n , g) → (N n , h) from an Einstein manifold is biharmonic if and only if λ is isoparametric. That is, both ∆λ and |grad λ| 2 are functions of λ. This fact was also noticed in [5] . Indeed, one can be more specfic from the above proof, by observing that there exists a function u(s) of a real variable such that
Then (8) leads to an ordinary differential equation in u which can always be solved locally. However, no globally defined non-constant solution has been found on a Euclidean sphere S n for n = 4. This is in contrast to what we establish below, namely that there are many non-constant solutions to the biharmonic conformal map equation (6) on the 4-sphere.
Remark 3. As the following arguments show, there is no obvious way to deal with the case when the domain (M 4 , g) is no longer Einstein. Then equation (8) becomes (13) grad (λ∆λ) − 4∆λ grad λ + 2λ Ricci M (grad λ) = 0 .
Let us make the hypothesis that the conformal factor satisfies an equation of the type (6), but with coefficients no longer necessarily constant:
Substitution into (13), now yields the requirement that
Clearly the case Ricci M = ag (i.e. M 4 Einstein) with both a and A constant satisfies this constraint, but otherwise, there seems to be no way to obtain a condition on a and A that depends only on the curvature and not on λ. and so solves equation (6) with C = 0 and A = −1. The corresponding conformal transformation can be realized as follows. Use polar coordinates (r, θ) on R 4 , where r = |x| is the radial coordinate and θ ∈ S 3 . Thus each x ∈ R 4 \ {0} can be written uniquely as x = rθ for r ∈ (0, ∞) and θ ∈ S 3 . Writing g S 3 for the standard metric on S 3 , the metric on R 4 has the form
However, the metric h = dt 2 + g S 3 is the standard metric on the cylinder R × S 3 , so we see that the mapping φ :
Recall that the classical Sobolev embedding theorem says that we can embed W
It is known (see e.g., [13] ) that the best constant c and the extremal functions v which satisfy the inequality in (14) can be determined. 
where
It is also known (see e.g., [13] ) that the Euler-Lagrange equation for the extremal functions saturating the inequality (14) is
Thus all functions v δ,x 0 in (15) are solutions of the equation (16) . By a theorem of Caffarelli-Gidas-Spruck, any positive solution of (16) is one of the v δ,x 0 in (15) [12] . When n = 4, we have the following corollary which will be used in our classification of all biharmonic conformal maps from 4-dimensional Euclidean space.
Corollary 3.2. Any positive solution of the equation
is one of the functions in the family
where (x 0 , δ) ∈ R 4 × (0, ∞).
In Section §5, we will explore equation (6) in respect of the full Möbius group, both with respect to the Euclidean and spherical metrics. Inversion provides a particular example.
Example 2. Inversion in the 3-sphere φ : R 4 \ {0} −→ R 4 with φ(x) = x |x| 2 is a conformal map with conformal factor λ = 1 |x| 2 . This is a harmonic function so, by Theorem 2.3, φ is a biharmonic conformal map. This confirms a result in [4] . For the proof that this inversion is also a biharmonic morphism (a map between Riemannian manifolds that preserves the solutions of bi-Laplace equation), see [23] .
Example 3. If we return to the examples cited at the beginning of §2, namely the identity maps into the Poincaré ball and the sphere, then the conformal factor is given by λ = 2/(1 + ε|x| 2 ) with ε = −1 and +1, respectively. A short calculation shows that ∆λ = −16ε/(1 + ε|x| 2 ) 3 , so that λ solves equation (6) with A = −2ε. Equation (7) then confirms the scalar curvature of the codomain to be 12ε.
Recall (see, e.g., [14] ) that a Riemannian metric g on a Riemannian manifold (M m , g) is said to be harmonic (respectively, biharmonic) with respect to g, if the identity map (M m , g) → (M m , g) is harmonic (respectively, biharmonic). We will say that a metric is proper biharmonic if it is biharmonic but not harmonic. On the other hand, the Yamabe problem is to find metrics of constant scalar curvature in the conformal class of g: [g] = {f g| f : M −→ (0, ∞)}. As is wellknown, for n ≥ 3, if one sets g = u 4 n−2 g for some positive function u, then g has constant scalar curvature R ∈ R if and only if the function u satisfies the Yamabe equation (4).
Corollary 3.3. A conformally flat metric
g = λ 2 dx 2 on U ⊆ R 4
is biharmonic if and only if the conformal factor is a solution of the Yamabe equation or, equivalently, the Riemannian manifold
Proof. By definition, the conformally flat metric g = λ 2 ds 2 on U ⊆ R 4 is biharmonic if and only if the identity map (
2 ) is biharmonic. By Theorem 2.3, this is equivalent to λ being a solution to the equation ∆λ = Aλ 3 for some constant A satisfying (7). But on 4-dimensional Euclidean space (U ⊆ R 4 , dx 2 ), the Yamabe Equation (4) reduces to
where R is the constant scalar curvature of the metric g = u 2 g. The corollary now follows.
Example 4. The Yang-Mills equation in the 4-dimensional conformally flat space (R 4 \ {0}, |x| −2 dx 2 ) was studied in [16] . We can check that this conformally flat metric is a biharmonic metric. In fact, the identity map I :
is a conformal map with conformal factor λ = |x| α . A straightforward computation yields ∆λ = α(α + 2)|x| α−2 and hence the equation ∆λ = Aλ 3 has the only solution α = −1 with A = −1. In particular, the identity map I :
is a biharmonic map if and only if α = −1. This is equivalent to the affirmation that the conformally flat metricḡ = |x| 2α dx 2 has constant scalar curvature if and only if α = −1. In fact, equation (7) shows that the scalar curvature is −6.
Biharmonic maps and metrics on compact Einstein manifolds
We turn to the case when (M 4 , g) is a closed manifold (i.e. a compact manifold without boundary) which is Einstein. Set Ricci M = ag. We refer the reader to the paper of LeBrun [21] for a good account of the numerous examples of Einstein manifolds for different signs of the constant a. In this context, it should be noted that to date, no example was known of a proper biharmonic submersive map from a closed manifold. A theorem of Jiang asserts that any biharmonic map from a closed manifold into one of non-positive sectional curvature must be harmonic [19, 20] . We recall equation (6): (19) ∆λ − aλ = Aλ 3 .
When the constant A is strictly negative, the equation may be considered as belonging to the class of equations on a closed Riemannian manifold (M n , g):
with k a smooth function. A theorem of Aubin with n ≥ 4 states that if
at some point x 0 , then (20) has a smooth strictly positive solution [2] -see the survey of Hebey for an up-to-date account [18] ( §2.5 and §2.6, in particular Theorem 2.10) -note that contrary to the citations, we take the Laplacian on functions to be +div grad with negative spectrum. On setting A = −1 in (19), since R g = 4a, the inequality (21) becomes:
which is satisfied if and only if a < 0.
The case of negative Einstein constant. We take A = −1 in (19). Since a < 0, equality (22) is satisfied; furthermore, on account of the sign of k, the positive solution to (20) 
) is a proper biharmonic map. Furthermore, the scalar curvature of λ 2 g is given by R h = 6+ 6 λ 2 . Note that this proper conformal biharmonic map transforms a metric of negative scalar curvature into one of strictly positive non-constant scalar curvature.
The case of Ricci flat manifolds. In this case we take a = 0. Since on a compact manifold (M 4 , g) without boundary we have M 4 ∆λdv g = 0 and since λ > 0, by Theorem 2.3, we must have A = 0. But then by the maximum principle, λ is constant. We therefore have the following non-existence result.
Corollary 4.2. Let (M 4 , g) be a closed Einstein 4-manifold with vanishing Ricci curvature. Then there is no conformal proper biharmonic map
The case of positive Einstein constant. When a > 0, the inequality (21) is no longer satisfied. This is a much more delicate case and has been the subject of intense investigation recently, in particular on the sphere S n . Following work of Chen, Wei and Yan in dimension n ≥ 5 [15] , Vétois and Wang construct an infinite family of positive solutions to the equation [30] . Note that this corresponds to the biharmonic conformal map equation (19) with a = 3 and A = −1. We can therefore state the following consequence. Note that by the theorem of Jiang, necessarily, the conformally related metric h = λ 2 g must have positive sectional curvature somewhere. On the other hand a theorem of Lohkamp guarantees that any manifold of dimension n ≥ 3 supports a metric of strictly negative Ricci (and hence scalar) curvature [22] , thus there is no constraint on the conformal factor implied by the expression for the scalar curvature R h in the above corollary.
Biharmonicity of the Möbius transformations
The conformal transformations of the Euclidean sphere (S n , g S ) viewed as flat to flat conformal rescalings via stereographic projection form a group Conf(S n ) called the Möbius group. When we identify S n with R n ∪ {∞} via sterographic projection, this group is generated by translations, dilations, the action of the orthogonal group and inversion in the unit sphere. Specifically, any element of the Möbius group can be written as:
for all x ∈ R n . When n ≥ 3, Liouville's Theorem affirms that any local flat to flat conformal transformation is the restriction of a global conformal transformation (see, for example [17] or [7] ): Clearly, with respect to the Euclidean metrics on the domain and codomain, the conformal mapping (23) has conformal factor given by λ(x) = α |x − b| ε whose Laplacian is given by ∆λ = ε(ε − 2)/|x − b| ε+2 , which therefore vanishes and so in particular the transformation is proper biharmonic whenever ε = 2. When ε = 0, the transformation is a homothety with constant conformal factor, and therefore harmonic.
Let us now consider the same transformation as a mapping from Euclidean space R 4 with its canonical metric dx 2 into R 4 with the spherical metric g S = 4dx
2 /(1 + |x| 2 ) 2 . If φ : (M n , g) → (N n , h) and ψ : (N n , h) → (P n , k) are two conformal mappings with conformal factors µ and ν respectively, then the composition is conformal with conformal factor given by λ(x) = ν(φ(x))µ(x) at each point x ∈ M n . Thus, viewed as a mapping (
2 ), the transformation (23) has conformal factor
where < · , · > denotes the Euclidean inner product.
In the case when ε = 2, this becomes
where A t denotes the transpose of the orthogonal matrix A. On writing δ = α/(1 + |a| 2 ) and e = b − αA t a 1+|a| 2 , this has the general form
for a constant δ and constant vector e ∈ R 4 . But this is precisely the form given by Corollary 3.2, and in particular ∆λ = −2λ 3 , so that by (6), the Möbius transform is proper biharmonic with respect to the flat Euclidean metric on the domain and the standard spherical metric on the codomain.
In the case when ε = 0, then we have
which, on now writing δ = 1/α and e = b − A t a α , has the same form (24) and once more, the transformation is proper biharmonic. The above calculations may be summarized by the following corollary. Let us now consider the Möbius transformations (23) defined with respect to the spherical metric g S = 4dx
2 /(1 + |x| 2 ) 2 on the domain. If we impose a metric of constant scalar curvarture on the codomain, then, since a = 0, (7) implies that the conformal factor λ is constant and so necessarily the transformation is harmonic. However, once more, by the composition rule, the conformal factor is given by λ(x) = 1 + |x|
which is never constant, whatever ε ∈ {0, 2}. We therefore have the following consequence. A similar analysis can be made of the Möbius transformations viewed as a map from R 4 to R 4 where both the domain and the codomain are endowed with the spherical metric. Given the general form (24) for the conformal factor of a Möbius transformation from the flat metric to the spherical metric, by the multiplication rule for the conformal factor of a composition, we can suppose now that the conformal factor has the same form for both ε = 0, 2, namely
If λ = λ 0 is constant, then δ(1 + |x| 2 ) = λ 0 (δ 2 + |x − e| 2 ).
On comparing the coefficients of the different orders of |x|, in the case when ε = 0, this yields λ = 1 = δ, e = 0 ⇒ α = 1, b = A t a ⇒ x → Ax .
In the case when ε = 2, we have λ = δ = 1, e = 0 ⇒ α = 1 + |a| 2 , b = A t a ⇒ x → a + (1 + |a| 2 )(Ax − a) |Ax − a| 2 .
The former is an orthogonal transformation in the space orthogonal to the axis joining the north and south poles when we regard S 4 as the Euclidean sphere in R 5 . The second is the same isometry followed by inversion about the point a, also an isometry of the sphere. These two types of transformation generate all the isometries of the sphere. 
